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Abstract
We consider the only remaining unsolved case n ≡ 0 (mod k) for the largest kth eigenvalue λk of trees
with n vertices. In this paper, the conjecture for this problem in [Shao Jia-yu, On the largest kth eignevalues
of trees, Linear Algebra Appl. 221 (1995) 131–157] is proved and (from this) the complete solution to this
problem, the best upper bound and the extremal trees of λk , is given in general cases above.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a graph of order n, A(G) the adjacency matrix of G, and P(G, λ) the characteristic
polynomial of A(G) (sometimes P(G, λ) is simply represented by P(G)). The eigenvalues of
A(G) are called eigenvalues of G. Now, A(G) is a symmetric (0, 1) matrix, so the eigenvalues
of G are all real and can be ordered as
λ1(G)  λ2(G)  · · ·  λn(G).
We call λk(G) the kth eigenvalue of G.
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If T is a tree of order n, then T is bipartite, and its eigenvalues satisfy the relation
λi(T ) = −λn−i+1(T ) (i = 1, 2, . . . , n).
So it suffices to study those eigenvalues λk(T ) for 1  k  [n/2]. In this paper we always assume
that 1  k  [n/2].
There have been considerable attempts and some successes in finding the bounds for the
eigenvalues of trees with n vertices. Till now, we can see the well-known sharp upper and the
sharp lower bound for the largest eigenvalues [1,2], the best possible upper bound for the kth
eigenvalues when k = 2, 3, . . . , [n/2] and n /≡ 0 (mod k) [3], and the sharp lower bound for the
kth positive eigenvalues when k = 2, 3, . . . , [n/2] [4].
The only remaining unsolved case is the case n ≡ 0 (mod k) for the upper bound and the
extremal trees of λk(T ). In this case, we always write n = kt (k  2, t  2).
Shao [3] showed that λk(T ) <
√
t − 1.
For further studying Shao [5] obtained the sharp upper bound of λk(T ) when 2  k  6 and
t  3 (t /= 4), gave a conjecture (we will describe it latter) for the best upper bound and the
extremal trees of λk(T ) in general case, and proved some necessary conditions when k  2 and
t  3 (t /= 4) for this conjecture.
Also in 1991, Shao and Hong [6] gave the proof for the unsolved case t = 2 of the necessary
condition above, and obtained the sharp bound of λk(T ) in that case t = 2 from this proof.
As a continuation, Zou et al. [7] further gave an improved necessary condition for the conjecture
above.
In addition, Guo [8] lately give a sufficient and necessary condition for the upper bound of the
kth eigenvalues of tree when k = 2, . . . , [n/2] and n /≡ 0 (mod k).
In this paper this conjecture above is proved and (from this) the complete solution, the best
upper bound and the extremal trees, to this only formerly unsolved problem above on λk(T ) is
given in general cases.
To be clear, we give the same definitions as in [5,7] below.
Let n = {T , T is a tree of order n},
λ¯k(n) = max{λk(T )|T ∈ n} (1  k  [n/2]),
and k,t =
{
T ∈ kt |λk(T ) = λk(kt)
}
.
The trees in k,t are called the extremal trees.
Definition 1. Let Xk,t be the subset of trees in kt which consists of k disjoint stars S1 · · · Sk of
order t (S1 ∼= S2 ∼= · · · ∼= Sk ∼=K1,t−1) together with another k − 1 edges e1, e2, . . . , ek−1 such
that the two end vertices of each edge ei (i = 1, 2, . . ., k − 1) are non-central vertices of different
stars. We call Si · · · Sk the stars of this tree T ∈ Xk,t , call the edges e1, . . ., ek−1 the non-star
edges of T , and call the other edges the star edges of T .
Definition 2. Define X′k,t as the subset of Xk,t which consists of those trees T in Xk,t such that
for any Si of T , there is only one vertex in Si incident to some non-star edges of T .
Conjecture [5]. For t  2, we have
k,t = {T ∗k,t } and λ¯k(kt) =
√
t − 1 + λ2(f (y)),
where λ2(f (y)) is the second largest root of the equation
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Fig. 1. The extremal tree in the conjecture [5].
f (y) = y2(y + t − 1) − 4(y + 1)2 cos2 π
k + 1 = 0
and {T ∗k,t } is the tree in Fig. 1.
Let T ∈ Xk,t . If there is only one non-star edge uv incident to a star Si of T (say v ∈ V (Si)),
we will call the vertex v the pendant star vertex of T . For example, these vertices v1 and vk in
Fig. 1.
If T1 is a subtree of T ∈ Xk,t and the vertex set V (T1) = V (Si1) ∪˙ · · · ∪˙V (Sil ) where Sij ∈{S1, . . . , Sk}, obviously, T1 ∈ Tl,t . In the following, we usually denote such a subtree T1 by Tl,t .
2. Lemmas and conclusions
Lemma 1 [2]. Let u and v be the adjacency vertices in a forest F. Then
P(F, λ) = P(F − uv, λ) − P(F − u − v, λ).
Lemma 2 [3]. Let G be a graph. Then
λi(G)  λi(G − V ′)  λi+k(G) for V ′ ⊂ V (T ) and |V ′| = k.
Lemma 3 [3]. Let F be a forest with n vertices. Then
λk(F ) 
√[n
k
]
− 1
(
1  k 
[n
2
])
.
Lemma 4 [5].
(1) For k  1 and t  2, we have
λk(T
∗
k,t ) =
√
t − 1 + λ(f (y)) and λk(T ∗k,t ) > λk+1(T ∗k+1,t ),
where f (y) = y2(y + t − 1) − 4(y + 1)2 cos2 π
k+1 and λ(f (y)) is the unique root of f (y)
on the interval (−1, 0].
(2) For k  2 and t  2, we have
λk(T ) < λk(T
∗
k,t ) for T ∈ X′k,t\{T ∗k,t }.
Lemma 5 [5, 6]. For k  2 and t  2 (t /= 4), we have
λk(T ) < λk(T
∗
k,t ) (T ∈ kt\Xk,t ) i.e. k,t ⊆ Xk,t .
Lemma 6. Let T ∈ Xk,t . For any subtree Tl,t of T (1  l  k − 1), there exists a vertex subset
V ′ ⊂ V (T ), |V ′| = k − l, such that
T − V ′ = Tl,t ∪˙ K1,t−2 ∪˙ · · · ∪˙K1,t−2︸ ︷︷ ︸
k−l
.
J. Chen / Linear Algebra and its Applications 426 (2007) 12–21 15
Proof. Obviously this conclusion holds for k = 2. For k  3 we use induction on k.
Case I: l  k − 2. For Tl,t it is evident that there exists one pendant star vertex v ∈ V (T ) and
v /∈ V (Tl,t ) (otherwise, for any Si /∈ Tl,t , there are at least two non-star edges incident to Si . Then
there is the cycle in T ). Thus we have
T − v = Tk−1,t ∪˙K1,t−2,
where Tk−1,t ∈ Xk−1,t , v /∈ T (Tk−1,t ), and Tl,t is a subtree of Tk−1,t .
By induction we also have there are vertices v1 · · · vk−1−l ∈ V (Tk−1,t ) such that
Tk−1,t − {v1, . . . , vk−1−l} = Tl,t ∪˙ k1,t−2 ∪˙ · · · ∪˙ k1,t−2︸ ︷︷ ︸
k−1−l
.
Thus
T − {v1, . . . , vk−1−l , v} = Tl,t ∪˙ K1,t−2 ∪˙ · · · ∪˙K1,t−2︸ ︷︷ ︸
k−l
.
Case II: l = k − 1. For Tk−1,t there exists one pendant star vertex v /∈ Tk−1,t in T (otherwise,
there is the cycle in T). So this conclusion comes from that
T − v = Tk−1,t ∪˙K1,t−2. 
Corollary 6.1. Let T ∈ Xk,t . Then for any subtree Tl,t of T (1  l  k − 1), we have that for
λk(T )√
t − 2 < λk(T )  λl(Tl,t ).
Proof. Taking Tl,t = T1,t and V ′ ⊂ V (T ) in Lemma 6 and using Lemma 2, we have
λk(T )  λk(T − V ′) = λk(K1,t−1 ∪˙K1,t−2 ∪˙ · · · ∪˙K1,t−2) =
√
t − 2.
Then, taking Tl,t and V ′′ ⊂ V (T ) in Lemma 6, and by Lemma 2 and inequality above
λk(T )  λl(T − V ′′) = λl(Tl,t ∪˙K1,t−2 ∪˙ · · · ∪˙K1,t−2) = λl(Tl,t ).
Now, we only need to prove that λk(T ) /=
√
t − 2. In case t = 2 we have λk(T ) >
√
2 − 2 by
the size of maximum matching of T is k. Let t  3 below.
For k = 2, taking the pendant star vertex v in S1 and the central vertex u ∈ S1, then we have
from Lemma 1 that (where T1 is some subtree of T )
P(T ) = P(K1,t−2 ∪˙ T1) − P(K1,t−1 ∪˙K1,0 ∪˙ · · · ∪˙K1,0).
Thus
P(T ,
√
t − 2) /= 0.
For k  3, there exists a pendant star vertex v (say v ∈ S1). Otherwise, there is the cycle in T.
So taking the vertex v and the central vertex u ∈ S1 in Lemma 1, we have
P(T ) = P(K1,t−2 ∪˙ T1) − P(T2 ∪˙K1,0 ∪˙ · · · ∪˙K1,0),
where T1 is some subtree of T and T2 ∈ Xk−1,t .
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Fig. 2. The forest F(h) in the Lemma 7.
And by induction we also have
P(T2,
√
t − 2) /= 0.
Thus
P(T ,
√
t − 2) /= 0. 
We can obtain some better upper bounds than the known upper bound
√
t − 1 in [3] from
Corollary 6.1 here. But we want to do the best.
Lemma 7. Let F(h) be a forest formed by drawing h new forests F1, F2, . . . , Fh from a vertex
ω in a forest F0 (shown in Fig. 2). It follows that for h  1
P(F(h), λ) = P
(
∪˙
0ih
Fi, λ
)
−
h∑
i=1
P
⎛
⎝(F0 − ω) ∪˙ (Fi − ui) ∪˙
1jh
j /=i
Fj , λ
⎞
⎠ .
Proof. For h = 1, taking uv = ωu1 in Lemma 1, we have
P(F(1)) = P(F0 ∪˙F1) − P((F0 − ω) ∪˙ (F1 − u1)).
For h  2, (we use induction on h) taking uv = ωuh in Lemma 1,
P(F(h)) = P(F(h − 1) ∪˙Fh) − P
(
(F0 − ω) ∪˙ (Fh − uh) ∪˙
(
∪˙
1jh−1 Fj
))
.
So we have by induction that
P(F(h)) = P(Fh)
⎛
⎝P ( ∪˙
0ih−1 Fi
)
−
h−1∑
i=1
P
⎛
⎝(Fo − ω) ∪˙ (Fi − ui) ∪˙
⎛
⎝ ∪˙
1jh−1
j /=i
Fj
⎞
⎠
⎞
⎠
⎞
⎠
−P
(
(F0 − ω) ∪˙ (Fh − uh) ∪˙
(
∪˙
1jh−1 Fj
))
. 
Let T ∈ Xk,t , and Si be a star of T with the central vertex ω0, while ω1 and ω2 are two non-
central vertices of the star Si . Let T1, . . . , Th be the connected components of the graph T − ω1
which do not contain the vertex ω0, and T ′1, . . . , T ′l be the connected components of T − ω2
which do not contain the vertex ω0. Finally, let T ′′1 be the graph obtained from T by deleting all
the vertices in T1, . . . , Th and T ′1, . . . , T ′l . Then by the comment made at the end of Section 1 we
can see that there exist integers k1, . . . , kh and k′1, . . . , k′l and k′′ with their sum equal to k such
that
Ti ∈ Xki,t , T ′j ∈ Xk′j ,t and T ′′1 ∈ Xk′′,t .
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Fig. 3. The tree T and T ′ in the Lemma 8.
Furthermore, let
T ′ = T − ω1u1 − · · ·ω1uh + ω2u1 + · · · + ω2uh.
Then we can easily see that T ′ ∈ Xk,t , and they can be shown in Fig. 3.
Lemma 8. Let T ∈ Xk,t (T and T ′ are shown in Fig. 3). Then T ′ ∈ Xk,t and we have that for
k  3, t  3, h  1, and l  1
(1) P(T , λ) = P(T ′, λ) + ∑
1ih
∑
1jl
P (Fi,j , λ),
where Fi,j = (T ′′1 − ω1 − ω2) ∪˙ (Ti − ui) ∪˙ (T ′j − uj ) ∪˙
(
∪˙
1sh
s /=i
Ts
)
∪˙
⎛
⎝ ∪˙
1pl
p /=j
T ′p
⎞
⎠ .
(2) λk−2(Fi,j )  λk(T ′)  λk−3(Fi,j ),
where we agree that λ0(Fi,j ) = +∞.
Proof. For T and T ′ we may write Ti ∈ Xki,t , T ′j ∈ Xk′j ,t , and T ′′1 ∈ Xk′′,t .
Taking F0 = T ′′ and F0 = T ′′ − ω1 in Lemma 7, then
P(T ′) = P
(
T ′′ ∪˙
(
∪˙
1ih
Ti
))
−
h∑
i=1
P
(
(T ′′ − ω2) ∪˙ (Ti − ui) ∪˙
(
∪˙
1sh
s /=i
Ts
))
.
P (T ) = P
(
T ′′ ∪˙
(
∪˙
1ih
Ti
))
−
h∑
i=1
P
(
(T ′′ − ω1) ∪˙ (Ti − ui) ∪˙
(
∪˙
1sh
s /=i
Ts
))
= P
(
T ′′ ∪˙
(
∪˙
1ih
Ti
))
−
h∑
i=1
P
(
(Ti − ui) ∪˙
(
∪˙
1sh
s /=i
Ts
))
×
[
P
(
(T ′′1 − ω1) ∪˙
(
∪˙1jlT ′j
))
−
l∑
j=1
P
(
(T ′′1 − ω1 − ω2) ∪˙ (T ′j − vj ) ∪˙
(
∪˙
1pL
p /=j
T ′p
))]
.
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So, noticing that (T ′′ − ω2)∼=
(
(T ′′1 − ω1) ∪˙ (∪˙1jlT ′j )
)
, we have
P(T ) = P(T ′) +
∑
1ih
1jl
P
(
(T ′′1 − ω1 − ω2) ∪˙ (Ti − ui)
∪˙ (T ′j − vj ) ∪˙
(
∪˙
1sh
s /=i
Ts
)
∪˙
(
∪˙
1pl
p /=j
T ′p
))
. (1)
This proves conclusion (1).
Moreover, by Lemma 3
λks+1(Ts) 
√[
kst
ks + 1
]
− 1  √t − 2,
λk′p+1(T
′
p) 
√
t − 2,
λki (Ti − ui) 
√[
ki t − 1
ki
]
− 1 = √t − 2, (2)
λk′j (T
′
j − vj ) 
√
t − 2,
λk′′(T
′′
1 − ω1 − ω2) 
√
t − 2
also, by Corollary 6.1
λk(T
′) 
√
t − 2 (3)
and also, by Corollary 6.1 and Lemma 2 (We agree that λ0(G) = +∞ for a graph G.)
λk(T
′) λks (Ts),
λk(T
′) λk′P (T
′
p),
λk(T
′) λki (Ti)  λki−1(Ti − ui),
λk(T
′) λk′j (T
′
j )  λk′j−1(T
′
j − vj ), (4)
λk(T
′) λk′′(T ′′1 )  λk′′−1(T ′′1 − ω0) = λk′′−1((T ′′1 − ω0 − ω1 − ω2) ∪˙ k1,0 ∪˙ k1,0)
= λk′′−1(T ′′1 − ω0 − ω1 − ω2)  λk′′−1(T ′′1 − ω1 − ω2).
Thus we have from (2)–(4) that for λk(T ′)
λks+1(Ts)  λk(T ′)  λks (Ts),
λk′P +1(T
′
p)  λk(T ′)  λk′P (T
′
p),
λki (Ti − ui)  λk(T ′)  λki−1(Ti − ui), (5)
λk′j (T
′
j − vj )  λk(T ′)  λk′j−1(T ′j − vj ),
λk′′(T
′′
1 − ω1 − ω2)  λk(T ′)  λk′′−1(T ′′1 − ω1 − ω2)
and thus, noticing that (ki − 1) + (k′j − 1) + (k′′ − 1) +
∑
1sh
s /=i
ks +∑ 1pl
p /=j
k′p = k − 3, it fol-
lows that
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λk−2(Fi,j )  λk(T ′)  λk−3(Fi,j ). (6)
It can be checked that the inequality (6) holds when there are some numbers which are equal to 1
among ki , k′j and k′′ (the inequality (6) is that λk−2(Fi,j )  λk(T ′) when k = 3). Thus conclusion
(2) is proved. 
The following Theorem 1 will show that the kth eigenvalues become greater as making such
transformations (in Fig. 3) of the structure of the tree in Xk,t .
Theorem 1. Let T ∈ Xk,t . Then T ′ ∈ Xk,t (T and T ′ are shown in Fig. 3) and we have that for
k  3, t  3, h  1, and l  1
λk(T )  λk(T ′).
Proof. Suppose to the contrary that
λk(T ) > λk(T
′).
Then we have from Lemma 3 and Corollary 6.1 that for λk(T ′)
λk+1(T ) 
√[
kt
k + 1
]
− 1  √t − 2 < λk(T ′) < λk(T ).
It follows that
(−1)kP (T , λk(T ′)) = (−1)k
∏
1in
(λk(T
′) − λk(T )) > 0.
On the other hand, we also have by Lemma 8 (2) that (for any i and j )
(−1)kP (Fi,j , λk(T ′))  0.
So by Lemma 8 (1) we have
(−1)kP (T , λk(T ′)) =
∑
1ih
∑
1jl
(−1)kP (Fi,j , λk(T ′))  0.
A contradiction. 
The following Theorem 2 will prove that Shao’s conjecture is true and, thus, give the complete
solution to the only formerly unsolved problem of λk(T ) in general cases.
Theorem 2. For k  1 and t  2 (t /= 4), we have
k,t = {T ∗k,t }
and
λ¯k(kt) = λk(T ∗k,t ) =
√
t − 1 + λ(f (y)),
where λ(f ) is the unique root to the equation f (y) = y2(y + t − 1) − 4(y + 1)2 cos2 π
k+1 = 0
on the interval (−1, 0].
Proof. For k = 1, the conclusion is just the well-known sharp upper bound of λ1(T ). In case
k = 2 we have 2,t = {T ∗2,t } from X2,t = {T ∗2,t } and Lemma 5, and in case t = 2 k,2 = {T ∗k,2}
20 J. Chen / Linear Algebra and its Applications 426 (2007) 12–21
Fig. 4. The trees in the inequality (2).
from Xk,2 = X′k,2 and Lemmas 4 and 5. So we will consider general cases k  3 and t  3. Let
T ∈ Xk,t and T  T ∗k,t below.
Case I: There is one star Si0 of T incident to at least three non-star edges of T.
We apply Theorem 1 repeatedly to every star Si of T, and transform T into a tree T1 in Xk,t
in which for any star Si of T1 there is only one vertex (it is non-central vertex) in Si incident to
some non-star edges of T1.
Notice that there are at least three non-star edges of T1 incident to Si0 , thus T1 ∈ X′k,t and
T1 T
∗
k,t , and therefore we have from Theorem 1 and Lemma 4(2) that
λk(T )  λk(T1) < λk(T ∗k,t ). (1)
Case II: For any star Si of T, Si incident to at most two non-star edges of T.
By applying some transforms as in Case I, we can transform T into the tree T2, which is shown
in Fig. 4 (we can obtain the best possible upper bound of λk(T ) by transforming T into T ∗k,t
directly. But we want to do better).
Now, by Theorem 1
λk(T )  λk(T2)  λk(T ∗k,t ). (2)
So we only need to prove that λk(T2) /= λk(T ∗k,t ).
From Lemma 8 (1)
P(T ∗k,t ) = P(T2) − P((Si − ω1 − ω2) ∪˙ (T1 − u1) ∪˙ (T ′1 − v1)),
where T1 − u1 ∼= T ∗l,t ∪˙K1,t−2, T ′1 − v1 ∼= T ∗h,t ∪˙ k1,t−2, and Si − ω1 − ω2 ∼=K1,t−3 (h  0,
l  0, and we agree T ∗0,t ∪˙G = G).
So, let F = T ∗h,t ∪˙ T ∗l,t ∪˙ k1,t−3 ∪˙ k1,t−2 ∪˙ k1,t−2. Then
P(T ∗k,t ) = P(T2) − P(F). (3)
On the other hand, by Lemma 4(1)
λ1(K1,t−3) 
√
t − 2 < λk(T ∗k,t ),
λ1(K1,t−2) =
√
t − 2 < λk(T ∗k,t ).
(4)
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And by Lemma 3 and Lemma 4(1)
λh+1(T ∗h,t ) 
√
t − 2 < λk(T ∗k,t ) < λh(T ∗h,t ) (h  1),
λl+1(T ∗l.t ) 
√
t − 2 < λk(T ∗k,t ) < λl(T ∗l,t ) (l  1).
(5)
So from (4) and (5) we have
P(F, λk(T
∗
k,t )) /= 0. (6)
It can be checked that the inequality (6) still holds when h = 0 or l = 0 or h = l = 0.
Thus we obtain by (3) and (6) that
P(T2, λk(T
∗
k,t )) = P(F, λk(T ∗k,t )) /= 0.
These prove conclusion. 
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